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ABSTRACT 


As  an  extension  to  the  study  reported  in  s previous  publication  en- 
titled A Point  Source  Birormal  Lena,  s smaller  lens  of  the  same  general 
design,  but  with  focal  points  spaced  farther  apart,  has  been  constructed 
and  given  similar  tests.  Field  patterns  of  this  X-band  model  have  been 
made,  in  addition  to  the  plotting  of  experimental  and  theoretical  phase- 
error  coatows.  The  geometry  of  the  lens  is  completely  defined  by  gener- 
al equations  for  this  type  of  design. 

Hie  overall  performance  of  the  lens  closely  paralleled  that  of  its 
predecessor,  but  with  improved  gain  fcr  off-axis  positions  and  decreased 
ccsat-lobe  level  with  vertical  polarization. 
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A POINT  SOURCE  BINORMAL  LENS 
WITH  WIDE-ANGLE  FOCAL  POINTS  * 


1.  INTRCunC-ilON 


| A “binormaF*  or  “constrained”  type  of  iens  for  use  with  * point  source  has  been  reported  in  n previous 

I publicstioe.1  To  contiene  ibis  study,  s second  point  source  blast  in  al  lens,  called  tbe  “circlet  lens"  to 

i 

dietiuguisb  it  fr on  tbe  first,  bus  been  constructed,  slso  of  square  tubing,  end  given  similar  tests.  Tbe 
circlet  lens  is  tbe  subject  of  ibis  report. 

Tbe  inner  face  of  tbe  original  lens  was  a portion  of  a prolate  ellipsoid  o'/  revolution  with  focal  points  st 
) tbe  foci  of  tbe  ellipse.  Tbe  outer  face  was  stepped  by  lateral  numbers  ct  wavelengths.  Unlike  its 

predecessor,  the  eirci«  : lens  hss  sot  bees  stepped.  Both  inner  and  outer  faces  are  continuous  portions  of 
ellipsoids. 

As  application  under  consideration  was  tbe  scanning  of  a wide  vertical  sector  between  extreme  angles 
of  32°  each  side  of  the  axis.  Tbir  would  be  accampii»k**4  by  feeding  tbe  iens  with  an  assembly  of  low 
boras  spaced  16°  apart  and  oscillating  ± 8®,  ra  shown  in  Fig.  i. 

In  the  original  lens,  tbe  correction  points  were  chosen  oa  lines  forming  eagles  of  i 7*1/2°  with  tbe  avis 
of  the  leas.  It  bed  been  expected  that  by  choosing  correction  points  farther  out  from  the  axis,  better  off- 
axis  behavior  would  be  achieved.  When  coumariatK,  of  pat* ores  was  mads,  however,  so  significant  ^erases 
in  tbs  “Li*  lobes  was  musifesl  except tbe  ceatr ibutioa  from  tbs  H- pleas  costa  lobes  for  feed  pcs1. ticca 
beyond  10°  off-axis. 

As  mentioned  to  tbe  previous  report,  the  index  of  refraction  of  the  leas  medium  is  determined  by  tbs 
spacing  betweeu  tat  n«t*l  walls  parallel  to  tbe  electric  vector.  Htis  index  is  given  by 


s = t - i A / ’iar  , (1) 

where  a is  tbe  plate  a pacing  and  A ia  the  free-epac*  wavelength  of  tbe  electromagnetic  wave  propagated 
through  tbe  lens.  Plane  for  tbe  circlet  lens  specified  coestruction  from  square  tubing  of  0.700  it.  inside 
diameter  end  field  tests  at  a wavelength  of  2.963  cm.  Thus  tbs  index  of  refraction  was  fixed  st  0.55. 


*Maaeacript  received  (cr  publication  Aaguet  1952]  revised  mauaecript  received  iy  Jaaaery  19S3. 

*W.  Elite,  E.  Flee,  ead  C.  Reynold*  (aterch  1951).  “A  Point  ieirr*  Bteormal  Leas,’’  Kept.  No.  25067,  AF  Cambridge 
Research  Center,  Cambridge,  Mass. 


i I 
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Fig.  1.  Cwcil.atiag  lioro  feed 

MMoUy. 


2.  DESIGN  EQUATIONS 


The  equationc,  for  the  design  ot  • lene  to  focon  ■ plea*  wave  upon  • pair  of  symmetries;:'/  pssittenH 
point*.  have  Lrccu  derived  in  On.  previous  report.  The  eqaatioa  for  the  laser  face,  an  ellipsoid  of  revolution, 
ie  given  by 


* * /“>■  «is  + r + r_i_i2 

f cos  a fj  U co*  8 


= 1 . 


(2) 


Tuc  y,  i coordinates  of  any  square  tube  are  defined  aa  those  of  its  axis.  Its  termination  in  the  inner 
face  is  determined  by  x,  and  ir  the  outer  face  by  a' . Its  length  is  4.  As y point  on  the  outer  face,  there* 
foro,  ia  derifnated  by  (x ' , y,  *)  where 

x ' - x * d and  d - d ~ . (3) 

0 coa  a ~ n 


The  chosen  values  and  definitions  of  the  parameters  are: 

dc  ~ 2 in  —the  thickness  of  the  less  at  the  center  (0,0,0); 
f ~ 20  in.— the  distance  from  the  feed  source  to  the  center; 

(X  - 22°  —the  angle  measured  in  the  xy-pLane  between  the  x*axia  and  the  line  joining 

a focal  point  to  the  oririn  (also  the  aagle  of  the  emanating  pisre  wave  when 
the  len*  is  fed  from  the  correctioa  points). 
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At  one  time  prior  to  coo  •traction  of  the  lew,  it  teemed  met  the  required  squire  tubing  would  not  be 
available  and  a cardboard  model  was  fabricated  is  seder  to  at ody  egg-crate  construction.  Although  it  waa 
ultimately  decided  that  a tubular  lent  would  be  superior  to  one  of  egg-crate  design,  tbe  analysis  of  tbe 
shape  of  the  cerdboerd  sections*  revealed  that  tbe  outer  surface  of  the  leaa  was  alao  an  ellipsoid,  but  not 
oae  of  revolution,  Thus,  tbe  intersection  of  the  outer  surface  with  any  plane  normal  to  a coordinate  axis 
would  be  so  arc  of  an  ellipse. 

la  the  upper  portion  of  Fig.  2 is  aa  example  of  a planar  cut  parallel  to  the  xy-piane.  The  minor  axes  of 
the  ellipses  for  the  inner  face  are  parallel  to  tbe  x-axie;  for  tbe  outer  face,  it  is  tbe  major  axes  that  are 
parallel  to  tbe  x-«xis. 

The  lower  portioa  of  Fig.  2 -br~e  a typical  planar  cut  parallel  to  tbe  xx-plane.  For  tbe  inner  face  thin 
it  a circle,  and  for  the  outer  face  aa  ellipse  with  isajor  axis  parallel  to  the  x-axia  aa  before. 

In  normalised  fora  tbe  equations  for  tbe  inner  face  are: 

(x  + / coa  a)*  y* 

L + 7 = 1 (4) 

/*  coa*  A “ x*  f*  ~ **/  coa*  a 

with  :3i  parameter  and 

(x  + / coa  a)*  * »*=(/*-  y*)  cob*  a (5) 

with  ' M a parameter.  Iaasmuch  aa  circular  templates  !s  forming  the  lens  are  more  easily  fabricated  than 
alliptical  oaaa,  the  latter  aquation  waa  the  one  used  in  dimenaioc'Dg  tbe  templates. 

For  the  cuter  fsce  tbe  normalixed  form  is 

[x  ' ~ dQ  + nf  coa  a / (n  ~ coa  a)]* 
n*  (/*  coa*  a - «*)/{«  “ coa  a)* 

with  s aa  a parameter  and 

U'  ~ d0  + (nf  coa  1)/(n  - coa  a)]* 

+ 

»*  (/*  “ y*)  coa*  a/(n  ~ coa  a)*  (/*  - y*)  cos*  a 


/*  * *2/ 


(6) 


coa*  a 


with  y aa  a prra-aetar. 

Note  that  the  center  of  the  ellipsoid  for  the  inner  face  ie  at  the  point  (“/  coa  a , 0,0)  and  fee  the 
outer  face  at  io’0  “ nf  coa  a/ (n  - cos  a),  0,  0J  . 


*The  talk  of  scribing  ellipses  oa  tbe  cardboard  sections  led  to  tbe  conat-actioo  of  a trammel  ellipacpaph.  Tbe  ellipses 
is  Fig-  2 were  drawn  to  anal*  mnoa  tbe  instrument  de-ijprd  by  T.  T.  Pweka.  uow  with  tbe  Instrumentation  Lab.  at 
Mus.  last.  Tech. 

i 


Fig.  3.  Icaar  txi  Uc«a  of  ti»  cbcUt  Wi«,  (#)  bu>«c  Uc* 
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3.  EXPERIMENTAL  MODEL 

The  photograph*  in  Fig.  3 show  that  the  periphery  of  the  lene  in  roughly  circular,  with  a radio*  of 
IS -1/2  tuba  widths  to  give  on  f/d  ratio  of  ooe. 

To  oh*n»n  the  lengths  of  the  lobe*  and  their  relative  positions,  Cq.  (2)  was  solved  for  * and  then  ovsln- 
Atad,  together  with  d,  oo  poached  card  machinery.  Becnase  of  the  symmetrical  design,  it  was  necessary  to 
iigare  only  ose  quadrant. 

The  leua  was  coos  tree  ted  from  561  lengths  of  squire  tubing  of  0.700  in.  t 0.002  in.  i.a.  and  0.010  in. 

1 0.002  in.  wall  thickness.  Each  length  of  this  thin- walled  tubing  was  cut  upon  s lathe  after  the  insertion 
of  s mandril,  which  was  cot  simultaneously.  Since  for  economy  of  mandrils,  it  was  desirable  to  start  catting 
with  the  loagast  and  cantinas  in  descending  order  of  length,  the  tube  lengths  were  arranged  in  this  order  by 
tbe  poached  card  machinery. 

As  before,  each  row  waa  formed  by  butting  tbe  individaal  tabes  against  a template  and  soldering  each 
tube  to  the  oae  adjacent.  Then  the  rows  were  stacked  against  the  te ablates  (assembled  in  an  array)  and 
soldered.  A square  Textolite  frame  and  spacers  were  employed  to  hold  the  entire  assembly  together.* 


4.  FIELD  PATTERNS 

All  teat  pattern4  were  made  at  the  design  wavelength  of  2.' °63  cm  st  the  Ipswich  test  station.  The 
feed  aasd  for  this  loan,  like  the  oas  assd  for  its  predecessor,  waa  a rectangular  horn  flared  to  prod  ace  an 
iilamiaotioa  approximately  10  db  dowe  troas  peak  power  at  the  edges  of  the  lens  is  both  the  electric  ssd 
the  magnetic  pianos. 

Examination  of  tk*  initial  patters*  re-  sled  that  reflections  from  the  V-shaped  feed  holder  had  con- 
tributed to  the  level  ot  the  aid*  lobes.  This  necessitated  the  retaking  of  s few  patterns  after  a different 
typ«  vT  feed  bolder  had  bean  coos  traded. 

A sat  of  patterns  waa  takan  for  comparison  of  the  circlet  leas  with  the  preceding  point  source  hinormnl 
Ima  to  learn  whether  s significant  change  in  the  off-axis  focusing  characteristics  had  bees  effected  by  the 
22°  correction  points.  Thane  cosq>ari*oos  ora  shown  in  the  plots  of  Fig.  4,  where  the  peak  power  of  each 
lana  oa  axis  has  been  normalised  to  «oro. 

The  lean  was  awaited  with  its  zy-plnae  horizontal.  Azimuth  patterns  were  taken  with  ths  horn  st 
various  positions  along  ths  feed  loons  shown  in  Fig.  1.  With  the  poiarisatioa  vortical,  the  best  focus  was 


*Tbo  technique  of  aguishly  and  assiduous  cou*  — iotioe  of  tho  chela*  lass  nr*  the  work  of  N.  0.  Parana  sad 
ff.  J.  Ksaras  ofthsAntaaaa  Lab.,  Elect?  oaks  Research  Dhoctarsto,  A*  Ca<rWidfa  Rasa  arch  Cornier. 

4For  noot  of  the  data  obtefcad,  sc  know  lad  (meat  is  aasda  to  C.  S.  Forbes  who,  with  tbs  assistance  of  H.  J.  Be  aha  I, 
look  acre  tbaa  300  patterns. 
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i'ig.  5.  DsU  from i **kssth  fCttem  with  elliptical  jiane  yw-iiual. 


The  expected  increase  in  bclf-power  beaewfidiha  due  io  toe  decreased  apertnni  was  evident.  There  was 
improvement  in  the  relative  power  in  »h*i  the  gain  did  sot  fell  off  hut  even  increased  et  first  as  the  feed  was 
moved  off-axis.  'His  gaia  wes  greeter  near  the  correction  points  than  it  was  os-axis.  Fw  negative  angles 
of  off -exit?  feed  positions,  the  rigfet  side  lobe  is  the  cocas  lobe  and  for  positive  eagles  it  is  the  left  lobe. 
hi  the  H- -piano  pattern*  the  coma  lebec  of  the  circlet  Ions  is  patterns  beyond  10s  ore  lower  than  these  of 
the  point  aowce  binomel  leas,  even  though  they  are  somewhat  Ikigber  on-wtio.  In  the  B piano  patterns, 
this  can*  lobe  suppression  is  not  manifest. 

For  e socced  set  of  patterns  toe  lens  was  rotated  90°  ca  its  own  axis  so  that  the  try-plane  be  cane 
vertical,  Azimuth  patterns  were  taken  as  before.  The  feed  was  focused  on-axis  at  14*1/2  in.  from  the  lens 
center  for  vertical  pc  laris  at  ice  and  at  16  in.  far  the  horizontal. 


of  the  results  «ar*  plotted  is  Fig.  5.  They  *re  ssaa  to  bs  a waft  what  more  aytaar.iiHca!  iieu 
the  cesros*  pee  ding  esrvew  of  Fig.  4.  Tie  beftin  width  w o esse  what  greets:.  bi*t  the  relative  power  h«a  dropped 
off.  Tte  side  lobes  average  out  shoot  the  s*a». 


5.  PHASE  STUDY 

Wiser,  see  carles  iea*  is  tea  iroai  the  cwectloe  petals —i.e.,  at  the  angle  a and  treat  a distance  / — 
thccretfsaUy  these  is  so  pluses  error.  If  the  feed  is  eacr?d  eioog  as  arc  of  constant  radios  / through  an  eagle 
€t  which  is  meaerred  is  the  sea»  manner  as  a (see  Fig.  6),  thee  the  phase  error  $ at  a particular  point  is 
detissod  »s  tea  difference  betweea  she  electrical  path  length  tteongh  the  center  and  that  through  the  point. 

0 * • * 

ib»  i*  gives  ay 


8 - /(*  + f eat  S)*  + (y'  + f sis  6)1  + g1  - f - y sis  8 + a*  (cos  ft  “cos  9)  / (a  - coa  S)  . (8) 

A Msdy  gsriseo  phase  error  Is  the  point  spoa  the  periphery  of  the  less  where  r = C and  * 

ie  m meni*B03i.  The  raise  of  s woo  chosen  by  csEpsrieg  the  path  lengths  iV.-oogh  thin  point  front  the 
two  astryass  pcsitisss  slcagths  feed  i.e.,  where  0 = 0°  and  6 " 32°.  When  ti  is  fixed  at  22°, 

the  phase  errors  are  icsseeicaily  equivalent,  though  opposite  in  sign. 


fig.  b Sketch  of  path  laagtb 
differences. 


» 


L%» 


f if*  i • Fmm  aiiw  cw«»C*ai»  *»vd  SS  £s!s. 

Eqaatioa  (JO  Wats  evaluated  witk  6 fixed  at  aero  for  lurt  i«  o»c  ^sd.tat,  and  alio  with  0 fixed  el 
32 * for  each  fsba  ia  two  qeadraat*.  Because  of  eywawtry  tkis  d«U  wao  • efficient  to  provide  tke  contour* 
over  tke  * at  ire  face  of  tke  leva  which  are  depicted  ia  Fig*.  7 and  8- 

All  valve*  of  & ware  divided  by  X ao  that  tke  data  coaid  be  plotted  in  term* of  tbo  wavelength.  Tbe 


Pig.  8.  PktM  mat  cOBtaci'S  with  ImI  b«  12'. 


Isjroot  of  s^'tM  la  dtee*  Hgam  ia  represeatatiwe  of  the  actmal  takes  is  the  teas.  Figaros  7 shows  the 
pnasa  envm  when  6 ~ if,  weii*  Fig.  8 is  tbs  woe  plot  for  8 - 32°  . 

A second  loess  for  tbs  feed  was  considered,  i.e.,  alosg  tbs  circle  psssisg  through  the  two  correction 
* points  sad  tbs  origin.  Tbe  two  feed  circles  ere  diseased  ia  Fig.  9.  Eqaatioe  (8)  was  Modified  to  take 
into  to  coast  tke  new  geometric  posit  iocs  with  phase  error  defiaed  by  5c  ; 


I 

I 

i 


to 


* 

f CM  0 I 

- + »J.  * {i  ~ if.  + x)  cos  6 * y ain  6 J 

cox  a 0 " 


(9) 


After  NXtugtMit  sad  simplification  by  atilixiag  tbe  squnre-r&a  sariea  ia  lias  of  the  radical,  tbia 
aquation  was  solvsd  maay  tines  to  obtain  tbe  poiate  aecaasary  for  plotting  tbs  additional  contour*  shown 
is  Figs.  10  and  11.  These,  also,  rw  in  terms  of  tbe  wavelength  and  are  anporimposed  for  compariaao 
parposes  upon  the  contour*  of  Fiqn.  7 and  8,  respectively. 

A stady  of  thsae  figares  quickly  reveals  that  tbe  cw  ie  increased  ?:  sll  points,  bscaose  each  coatow 
of  tbe  modified  position  of  the  feed  (light  line)  is  entirely  eeclcsed  by  tbe  contour  of  tbe  same ‘phase  error 
for  tbs  design  position  (heavy  line).  Indeed,  an  error  of  1/2  wavelength  can  be  found  near  tbe  edge  of  tbe 
lees. 

Aetna!  me  as  ere  masts  of  tbe  phase  errors  were  made  os  tbe  automatic  phase  plotter*  in  tbe  Airborne 
Suction  of  tha  Antenna  Laboratory.  No  moene  were  mailable  for  talcing  mens  momenta  within  a plane 
parallel  to  tbe  bee  of  the  lews  as  would  be  desirable,  instead,  plot*  were  msde  ia  planes  perpendicular, 


®1L  M.  Barrets  end  M.  E.  Baras*  (Jan.  IMS),  "Astana tic  Astana  Vnt-Fros  Flatlet,"  EUctroiucs  25,  No.  I, 
beftnning  p.  ISO. 


Pig-  10.  Errc*  coat  oars  ires  cod  11  led  !»id  ..U-clc  Jer  food  so  Kit. 

i.e.,  in  the  *y*plane  or  the  *r*plene.  Three  differed  feed  angles  were  used:  C°,  22"  and  32°.  Sample 
seetiors  of  these  p!oU  are  shown  ia  Fig.  12.  All  wan  nd«  at  a wave  length  ef  3.12  ca,  the  cloaeat 
approach  that  coaid  he  made  to  the  dr=5gs  wave  length  of  2.963  on  with  the  eqo'pmeot  oa  head. 

Hie  straight  phaae  fronts  are  visual  evidence  of  the  collimating  ability  of  the  leas. 

I 
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6.  APPFNDIX 


Tie  need  to  glean  data  fr-en  a large  number  of  patterns  obtained  with  the  circlet  leue  led  to  the  pattern 
reading  device  illoatrated  in  Fig.  13.  The  reader  may  wish  to  design  a similar  tool  adapted  to  his  own 
pattern  paper. 

The  scale  is  made  from  transparent  plastic,  beveled  to  the  edges.  The  engravings  are  on  the  under  side 
and  are  filled  in  red  to  set  them  off  from  the  black  grid  lines  of  the  pattern  paper. 

The  scale  at  the  edge  is  graduated  in  decibels  for  measuring  the  depth  of  side  lobes  below  tbe  peak 
and  for  measuring  relative  levels  of  peaks. 

The  other  scale  has  a line  running  through  its  center,  with  three  sets  of  graduations  whose  major  marks 
align  with  those  of  tbe  pattens  paper.  Only  one  net  is  used  at  a time,  depending  on  tbe  ratio  of  paper 
travel  to  antenna  rotation  at  which  tbe  reccrder  is  operated.  The  location  of  this  line  is  at  a critical  dis- 
tance (3.01  db)  below  the  top  edge  previoualy  mentioned.  Thus,  the  half-power  be  am  width  may  be  read 
quickly  by  placing  the  top  edge  tangent  to  tbe  peak  of  tbe  pattern  and  indexing  the  zero  upon  tbe  left  slope. 
The  reading  in  taken  st  tbe  intersection  of  tbe  right  slope  with  tbe  line. 


